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Modif icat ions a r e  cons ide red  of the mean P lanck  absorp t ion  coeff icient  fo r  a sect ion of an 
abso rb ing  medium adjacent  to a source  sect ion,  taking into account t e m p e r a t u r e  inequa l i -  
t i e s  of b lackbody rad ia t ion  and the absorp t ion  c r o s s  sect ion of the medium,  as  well as  the 
effect of the length of the sec t ion ,  which is smal l .  Equat ions a re  p r e s e n t e d  for  an analogous 
coeff ic ient  de te rmin ing  s e l f - a b s o r p t i o n  of rad ia t ion  by the gas. 

Spect ra l  mean absorp t ion  coeff ic ients  a r e  in t roduced in o r d e r  to use  g r a y - g a s  r ad ia t ive  equations in 
rad ia t ive  t r a n s f e r  ca lcula t ions .  In p a r t i c u l a r ,  the t r a n s m i s s i o n  of a medium is d e s c r i b e d  by an exponential  

law. 

However,  the need to use  this  law r e su l t s  in the a v e r a g e  absorp t ion  coeff ic ients  depending on the ray  
length x. An evaluat ion  of th is  dependence a l lows the s o - c a l l e d  opt ica l ly  thin gas approx imat ion  to be i m -  
proved  and extended.  

Another  m a t t e r  which must  be cons ide red  is the effect  of d i f fe rences  between the radia t ion  source  
t e m p e r a t u r e  T 1 and that of the abso rb ing  med ium T k. An a ve r a ge  Planckian  absorp t ion  coeff ic ient  a c is  
u sed  in the l i t e r a t u r e .  It gives the absorp t ion  of a b lackbody flux by a thin l aye r  of gas. A t e m p e r a t u r e  
d i f ference  between the b lackbody source  and the medium is  a l lowed for  in [1,2]. The quantity ac ,  with a 
c o r r e c t i o n  fac tor ,  is ca l l ed  the modif ied mean Planckian  absorp t ion  coeff icient .  In the well-known g r a y -  
gas approx imat ion  [2] and e l sewhere ,  the s e l f - a b s o r p t i o n  of the gas is  d e s c r i b e d  by the same  coefficient .  
It i s  a l so  well known that in th is  case  the actual  a b s o r p t i o n  coeff ic ient  a .  is more  than an o rde r  of m a g -  
nitude l a r g e r  than a c. 

The p r o b l e m  is to de t e rmine  a c, a , ,  and to ca lcu la te  to what extent  they a r e  affected,  in the f o r m  of 
c o r r e c t i o n s , b y t h e  quant i t ies  T i, Tk, Xk, xi. We cons ide r  the bas ic  combust ion products  of hydrocarbon  
fuels ,  CO 2 and H20. The i r  spec t r a  a r e  r e p r e s e n t e d  in a s impl i f ied  way in the fo rm of a group of n o n - o v e r -  
lapping bands .  

Res t r i c t ing  ou r se lves  to op t ica l ly  thin media ,  we r e p r e s e n t  any d i rec t ion  along a r a y  path in the fo rm 
of two ad jacent  i so the rma l  sec t ions ,  i and k. The source  i can be a b lackbody point source .  The sect ion k 
is  a segment  in the gas.  The total  p r e s s u r e  is  a s s u m e d  constant ,  and the f ie ld  of pa r t i a l  p r e s s u r e  of the 
r ad i a t i ve  components  is unchanging. As  an a rgumen t  we take the r a y  path x = Spdl, m- arm, r e f e r r e d  to the 
pa r t i a l  p r e s s u r e  p. The re fo re ,  a l l  the coeff ic ients  denoted by a have d imension (m.atrn) -1. Local  t h e r m o -  
dynamic equ i l i b r i um is a s sumed .  

The more  c o r r e c t  heat t r a n s f e r  equat ions use the d i r ec t  abso rp t ance  of sect ion k for  rad ia t ion  f r o m  

sect ion i: 

aik ---- ~I~k / ei(~Ti 4, Ilk = e~aTi4/~ - -  Ii~"' 

Here  e i is  the emi t tance  of sect ion i; oT 4 is  the densi ty  of b lackbody radia t ion;  Ilk, W / m 2 . s t e r  is  the 
d i f ference  in in tens i ty  between the ends of sect ion k; I lk .  is  the rad ia t ive  in tens i ty  of the sec t ion  (point) i, 
t r a n s m i t t e d  by sec t ion  k. 

Sverdlovsk.  T r a n s l a t e d  f r o m  Zhurnal  P r ik ladno i  Mekhaniki  i Tekhnicheskoi  F iz ik i ,  Vol. 11, No. 1, 
pp. 12-15, J a n u a r y - F e b r u a r y ,  1970. Original  a r t i c l e  submi t ted  May 13, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 g/est 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available [tom the publisher for $15.00. 

10 



If a ik  is  not def ined by the d i r ec t  equat ion ,  an example  of which is g iven below, but the a b s o r p t i o n  
coef f ic ien t s  a a r e  employed ,  then 

ark : t - -  exp(--ai~ xh), ai~* ----- I - -  exp(--ai~*xk). (!) 

The a s t e r i s k  denotes  the va lue  fo r  s e l f - r a d i a t i o n  of the m e d i u m .  It can be shown that  for  b lackbody r a d i a -  
t ion a c o n s i d e r a b l y  m o r e  a c c u r a t e  equa t ion  is 

ai~ [i --  exp (--  ~i~:* x~)], aik ~ aik-- ~ 

The equa t ions  g iven  a r e  app l i cab le  only for  f a i r l y  thin l a y e r s .  The expans ion  exp (--u) ~ 1 - u is  a p -  
p l i cab le  within known l i m i t s .  Then the quan t i t i es  Cqk can  be eva lua ted  by the equa t ions  

a i ~ a i k ] x  k, a~:* ~---~a~* / x ~ .  (2) 

The plan  for  the r e s t  of th is  p a p e r  i s :  1) the equa t ions  f o r a i k ,  is  de r ived ,  b a s e d  on a v e r y  s i m p l e  
s p e c t r a l  model ;  2) the a p p r o x i m a t e  equa t ions  (2) a r e  u s e d  to d e t e r m i n e  the coef f i c ien t s  a i k  and a ik*  as  a 
funct ion  of the p a r a m e t e r s ;  3) the coef f ic ien t s  ob ta ined  a r e  r e c o m m e n d e d  for  use  in the v e r y  s i m p l e e q u a -  
t i ons  (1). 

F o r  a group  of n o n - o v e r l a p p i n g  bands  the equa t ion  for  a i k ,  t akes  the f o r m  

j Z~co,j 
e~o : l - -  exp (-- % x). 

(3) 

Here  w (cm -1) is the wave n u m b e r ;  e w and  a w a r e  the s p e c t r a l  va lues  of the e m i t t a n c e  and  the a b -  
so rp t i on  coef f ic ien t ;  Aw, j  is  the width of the n a r r o w e s t  band,  chosen  so that  t he re  is no a b s o r p t i o n  within 
it. 

If i i s  a b l ackbody  s o u r c e  point ,  then e i = ewi = 1. The p a r t i c u l a r  equa t ion  for  aik is  obta ined  f r o m  
Eq. (3). The only s o u r c e  of e r r o r  in Eq. (3) is a s s o c i a t e d  with choice  of the d i s c r e t e  va lue  of the P l a n c k  
funct ion  (I0j). 

A d i s c r e t e  va lue  of the P l a n c k  funct ion  can be u s e d  to ad jus t  the band  so that  the coef f ic ien t  ~w 
v a r i e s  mono ton ica l l y .  T h e r e a f t e r ,  a band  prof i l e  mus t  be chosen .  A n a l y s i s  shows that  for  f a i r l y  th ick  
l a y e r s  the a b s o r p t i o n  is a c o m p a r a t i v e l y  weak func t ion  of the band  prof i l e ,  but the s i tua t ion  can  be quite 
d i f fe ren t  in the ca se  c o n s i d e r e d  he re ,  x i ~ Xk ~ 0. We use  t h r e e  d i f fe ren t  p r o f i l e s :  r e c t a n g u l a r ,  t r i a n g u l a r ,  
and  s y m m e t r i c a l  exponen t i a l  

c~ = a0, a~ = a0(l - -  v/Q), cr = %0exp (--2v/~), 

Here and below ~ is either the profile width or a quantity proportional to it; w 0 is the position of the 

profile center where the spectral absorption coefficient has the maximum value s 0. 

The c o r r e s p o n d i n g  i n t eg ra l  band  i n t e n s i t i e s  have the f o r m  

t 
S = a o Q ,  S = - ~ - a 0Q  , S =  a o ~ .  (4) 

Equa t ions  (4) a l low us  to d e t e r m i n e  the func t ion  a0(T ) in t e r m s  of two independent  func t ions  S(T) and  
~(T). A c c o r d i n g  to r e c e n t  e x p e r i m e n t a l  data in [3-5] and  e l s e w h e r e ,  we can u se  a power  r e l a t i o n  S ~ T • 
where  ~ > 0 is an  exponent  g iv ing  the dependence  of i n t e n s i t y  on t e m p e r a t u r e  in  a ca l cu l a t i on  for  a s ing le  
p a r t i c l e ;  the un i t  in the exponent  takes  into account  the change in the n u m b e r  of p a r t i c l e s  a s s o c i a t e d  with a 
cons tan t  expans ion .  In thin l a y e r s , b a n d s  with fundamen ta l  f r e q u e n c i e s  p lay  an except iona l  ro le .  F o r  these  

~ 0. The r e l a t i o n  ~2 ~ T m was a s s u m e d  fo r  the ha l f -wid th  or  the width of a l l  the bands .  F r o m  s p e c t r o -  
scopic  data m ~ 0.5. 
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The resul t  is a unique t empera tu re  dependence for the values of a 0. Independently of the profile we 
have 

a o ~ T  ~, u = x - - m - - J .  (nmo) 

Here and below we use the relat ions 

(5) 

7~ 

j Ao~j 

u ~ i o j ~  a2do), 

Sj = ~ ~. do) 

SJ~ ~ ~ d 0 ) .  
~ AJ 

Here ~ ,  (in contrast  with ~2j) is the total band with. 

We consider  the absorption of a blackbody ray. The quantity aik was obtained f rom Eq. (3) under the 
conditions 

8 i = 8io~ = t ,  X;~ ,~ ,  O, ~cok ~ O~o)k X k - -  1/20~a~k 2 X k  2 o 

Then 

(6) 

ai~,~Ioi(T~) i [~,~Xk--+O~,k~Xk~Jdo) ". 
j A~j 

Use of Eqs. (2) and (4)-(6) leads to the resul t  

ac (Ti) - ~  0% . (7) 

It is noteworthy that the quantity ~ik does not depend on the profile shape nor on the inequality T i -~ 

T k �9 

Next we calculate the se l f -absorpt ion by the gas. It is not difficult to show that if the band profiles of 
the hotter section are  rectangular ,  then the band profi les of the other section a re  not important.  With p ro -  
files identical for the two sections,  the resul ts  a re  different. 

In the derivation of Cqk, f rom Eq. (3), we res t r i c t  ourselves  to two t e rms  of the ser ies  in the ex-  
pansions of ewi and ec0k 

8o~iSo~k ~--~ O~o~iO;cok X iX  k . 

Correspondingly we put ei ~ c~cxi. Equation (3), taking into account Eq. (2),becomes s impler :  

j A~.j 

The limit of integration for Aw.j has the pecul iar i ty  that, for a l imited band (rectangular or t r iangu-  
lar) ,  the integration is ca r r i ed  out over the nar rowes t  band af ter  the maxima have been made to coincide. 
The following resul ts  a re  obtained: 

a, (Td 

a~:*(T~, Tk) ~ __ ~u/s (~) for ~ > I. 
:~, (TOj 
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We p r e s e n t  e x p r e s s i o n s  fo r  the  func t ions  f l  and f 2 o f  Eqs .  (8) f o r  d i f f e r en t  band  p r o f i l e s  

r e c t a n g u l a r f l  = 1, f2 = 1 
t r i a n g u l a r  f l  = 1/2(3 - ~m), f2 = 1/2 (3 - ~ -m)  
exponen t i a l  f l  = 2(1 + ~m) - l ,  f2 = 2~rn( 1 + ~ m ) - i  

F o r  ~ = 1 and any  p r o f i l e ,  the  c o r r e c t  r e s u l t  ~ ik*  = o~, is  ob ta ined .  F o r  ~m << I o r  ~m >> 1 the  t r i -  
a n g u l a r  and  the exponen t i a l  p r o f i l e s  give  r e s u l t s  which  a r e  g r e a t e r  by  f a c t o r s  of 1.5 and 2 than fo r  the  r e c -  
t a n g u l a r  p r o f i l e .  In the  c a s e  s m  >> 1 th i s  cannot  have much  i m p o r t a n c e  b e c a u s e  of the  weak  a b s o r p t i o n  
(u ~ - 1 , 5 ,  Su << 1, Oqk, << ~ , ) .  In c o n t r a s t  to the  r e c t a n g u l a r  and  t r i a n g u l a r  p r o f i l e s ,  the  exponen t i a l  p r o -  
f i l e  has  d i s t a n t  wings ,  s i m i l a r  to  an ac tua l  p r o f i l e .  But it  a l s o  has  the  de fec t  tha t  the  dependence  of ~ i k * /  
~ ,  on $ does  not  change  f o r m  in p a s s i n g  t h rough  the point  ~ = 1. Th is  change  should  be  in a g r e e m e n t  with 
the  r e p r e s e n t a t i o n  of the  s p e c t r a l  "windows," which a p p r o x i m a t e l y  r e f l e c t s  the  r e a l  s i tua t ion .  P o s s i b l y  the 
t r i a n g u l a r  p r o f i l e  is the  mos t  r e a l i s t i c  of t h o s e  c o n s i d e r e d  in our  work .  

It is  c o n s i d e r a b l y  m o r e  c o m p l e x  to e v a l u a t e  the  d e p e n d e n c e  of ~ik , (Xk) ,  s i n c e  we m u s t  t ake  a m i n i -  
m u m  of t h r e e  t e r m s  in the  s e r i e s  f o r  ewk. 

The c o e f f i c i e n t s  ~c and oz, a r e  b a s e d  on the e q u a t i o n s  fo r  ~ i k  and Oqk*. They  can be  d e t e r m i n e d  
f r o m  Eq. (6) with s p e c t r o s c o p i c  da ta  inc luded .  A n o t h e r  me thod  is  to  u s e  the  i n t e g r a t e d  e m i t t a n c e s  e(x,T) 
p u b l i s h e d  fo r  CO 2 and H20 in the  w e l l - k n o w n  m o n o g r a p h s  [6]. The  equa t i ons  

~ = (08 / az)~=0, czo~, = - ( O 28 / ax~)~=o 

are used. 

Data on ~c are given in [6-8] and elsewhere. Values of ~, are given in [6] in implicit form. The 
accuracy of ~c, and particularly, of ~,, is not sufficient for CO 2 and H20. 

In conclusion we note that the relation for ~ik (Ti, Tk), represented in Eq. (7) with Xk = 0, was ob- 
tained in complete agreement with [1,2,9]. We note also that the exponent m does not come in, since u + 
m = ~4 - i. Estimates of the effect of the path length according to Eq. (7), and of the dependence of 
O~ik* (Ti, Tk), represented by Eqs. (8), have been obtained for the first time. 
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