AVERAGE ABSORPTION COEFFICIENT
FOR OPTICALLY THIN MEDIA
S. P. Detkov

Modifications are considered of the mean Planck absorption coefficient for a section of an
absorbing medium adjacent to a source section, taking into account temperature inequali-
ties of blackbody radiation and the absorption cross section of the medium, as well as the
effect of the length of the section, which is small. Equations are presented for an analogous
coefficient determining self-absorption of radiation by the gas.

Spectral mean absorption coefficients are introduced in order to use gray-gas radiative equations in
radiative transfer calculations. In particular, the transmission of a medium is described by an exponential

law.

However, the need to use this law results in the average absorption coefficients depending on the ray
length x. An evaluation of this dependence allows the so-called optically thin gas approximation to be im-
proved and extended.

Another matter which must be considered is the effect of differences between the radiation source
temperature T and that of the absorbing medium Tk. An average Planckian absorption coefficient o is
used in the literature. It gives the absorption of a blackbody flux by a thin layer of gas. A temperature
difference between the blackbody source and the medium is allowed for in {1,2]. The quantity o, with a
correction factor, is called the modified mean Planckian absorption coefficient. In the well-known gray-~
gas approximation [2] and elsewhere, the self-absorption of the gas is described by the same coefficient.
It is also well known that in this case the actual absorption coefficient ax is more than an order of mag-
nitude larger than ag.

The problem is to determine og, @, and to calculate to what extent they are affected, in the form of
corrections, bythe quantities Ty, Tk, Xk, xj. We consider the basic combustion products of hydrocarbon
fuels, CO, and H,O. Their spectra are represented in a simplified way in the form of a group of non-over-
lapping bands.

Restricting ourselves to optically thin media, we represent any direction along a ray path in the form
of two adjacent isothermal sections, i and k. The source i can be a blackbody point source. The section k
is a segment in the gas. The total pressure is assumed constant, and the field of partial pressure of the
radiative components is unchanging. As an argument we take the ray path x = { pdl, m-atm, referred to the
partial pressure p. Therefore, all the coefficients denoted by « have dimension (m.atm)"i. Local thermo-
dynamic equilibrium is agsumed.

The more correct heat transfer equations use the direct absorptance of section k for radiation from
section i:
Uiy = Ttlih / SiO'.Ti‘;, Iih = SiO'TiA/TE -— I'lk"'
Here g is the emittance of section i; 0T ig the density of blackbody radiation; I, W/m? ster is the

difference in intensity between the ends of section k; Ijkr is the radiative intensity of the section (point) i,
transmitted by section k.
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If aj) is not defined by the direct equation, an example of which is given below, but the absorption
coefficients o are employed, then

am = 1 —exp(—ap 2), ap® = 1 — exp(—oaz*n) - (1)

The asterisk denotes the value for self-radiation of the medium. It can be shown that for blackbody radia-
tion a considerably more accurate equation is

g .
G =5 s [1 —exp(—au* )],

The equations given are applicable only for fairly thin layers. The expansion exp{-u) ~ 1 _u is ap-
plicable within known limits. Then the quantities oji can be evaluated by the equations

O = @y [ Ty Qg™ =A™ [ Ty (2)

The plan for the rest of this paper is: 1) the equations fora;i* is derived, based on a very simple
spectral model; 2) the approximate equations (2) are used to determine the coefficients ajk and ajx*asa
function of the parameters; 3) the coefficients obtained are recommended for use in the very simpleequa-
tions (1).

For a group of non-overlapping bands the equation for aji* takes the form

o = g D010 § el meun(T a2, o
] Ll)*j AY

g,=1—exp (—a, ).

Here w (cm™}) is the wave number; €y and o, are the spectral values of the emittance and the ab-
sorption coefficient; Awxj is the width of the narrowest band, chosen so that there is no absorption within
it.

If i is a blackbody source point, then &; = £, = 1. The particular equationfor aji is obtained from
Ed. 3). The only source of error in Eq. (3) is associated with choice of the discrete value of the Planck
function (Tyj).

A discrete value of the Planck function can be uged to adjust the band so that the coefficient a,,
varies monotonically. Thereafter, a band profile must be chosen. Analysis shows that for fairly thick
layers the absorption is a comparatively weak function of the band profile, but the situation can be quite
different in the case considered here, x; = xg ~ 0. We use three different profiles: rectangular, triangular,
and symmetrical exponential

Up = Cpy O = Ag(l — V/Q), g = agexp (—2v/Q),
V= |0 —®ge

Here and below {2 is either the profile width or a quantity proportional to it; wy is the position of the
profile center where the spectral absorption coefficient has the maximum value o,

The corresponding integral band intensities have the form
S=o0,2 S=g08 §=a: (4)

Equations (4) allow us to determine the function ayT) in terms of two independent functions T) and
£(T). According to recent experimental data in [3~5] and elsewhere, we can use a power relation S ~ -1
where » > 0 is an exponent giving the dependence of intensity on temperature in a calculation for a single
particle; the unit in the exponent takes into account the change in the number of particles associated with a
constant expansion. In thin layers,bands with fundamental frequencies play an exceptional role. For these
% ~ 0. The relation £ ~ T was assumed for the half-width or the width of all the bands. From spectro-
scopic data m =~ 0.5.
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The result is a unique temperature dependence for the values of a;. Independently of the profile we
have

do~T% u=n—m—1 w0

oty (T'g,) = ot () E, E=T\/T;,

(5)

Here and below we use the relations

Oy = —é‘ﬁ'z]o«i S Oy AW, S]-= S Oy d@
7

Awj ij (6)
s 2 S 2
KOy = EﬁZ[OJ‘ S Oley d(D, ——Q—j"‘" S [0 7% do .
i ij Aw;

Here w, (in contrast with Qj) is the total band with,
We consider the absorption of a blackbody ray. The quantity aji; was obtained from Eq. (3) under the
conditions
g=¢8uw=1 2, =0, e oerTy — Vyou 22

Then

o & 1 )
Qi = spa 2 Io; (T5) S [%k Ty — 5= Ghok” mkz] de .
Fi Amj

Use of Eqgs. (2) and 4)—(6) leads to the result

ir (Ti, Ty, . 1
T e o guem (1 — o (T w8 (M

It is noteworthy that the quantity cjk does not depend on the profile shape nor on the inequality Tj =
Tk-

Next we calculate the self-absorption by the gas. It is not difficult to show that if the band profiles of
the hotter section are rectangular, then the band profiles of the other section are not important. With pro-
files identical for the two sections, the results are different.

In the derivation of ajx* from Eq. (3), we restrict ourselves to two terms of the series in the ex-
pansions of £ and gk

EwiBuk = Keiluk LTy .

Correspondingly we put g; = ogxj. Equation (3), taking into account Eqg. (2),becomes simpler:

. I
O‘a(Ti) aik* z-G—TF ZIOJ(Ti) S amiamkdmc
i Aw*j

The limit of integration for Aw*j has the peculiarity that, for a limited band (rectangular or triangu-
lar), the integration is carried out over the narrowest band after the maxima have been made to coincide,

The following results are obtained:

ap* (s, Th) __gtitm
-—k—a;TT‘LT—”—_g— fl(g) for §<1~
(T, T)’ = %, (§) for E>1.

dyg (Ts)
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We present expressions for the functions f; and f,of Eqgs. (8) for different band profiles

rectangular fi=1, f,=1
triangular fy = 1/2(3 — My, £y = 1/2 8- g'm)
exponential f; = 2(1 + ¢My™L £, = 2gmy] + gmy~1

For ¢ =1 and any profile, the correct result @+ = ax is obtained. For ¢ << L or £¢M > 1 the tri-
angular and the exponential profiles give results which are greater by factors of 1.5 and 2 than for the rec-
tangular profile. In the case £™M > 1 this cannot have much importance because of the weak absorption
(u~ —-1,5, Y < 1, ajp* < a,). In contrast to the rectangular and triangular profiles, the exponential pro-
file has distant wings, similar to an actual profile. But it also has the defect that the dependence of a;i*/
ax on ¢ does not change form in passing through the point ¢ = 1, This change should be in agreement with
the representation of the spectral "windows," which approximately reflects the real situation, Possibly the
triangular profile is the most realistic of those considered in our work.

It is considerably more complex to evaluate the dependence of ajik*{X)k), since we must take a mini-
mum of three terms in the series for e y.

The coefficients o and o, are based on the equationsfor ok and ajg*. They can be determined
from Eq. (6) with spectroscopic data included. Another method is to use the integrated emittances e(x,T)
published for CO, and H,0 in the well-known monographs [6]. The equations

g = (98] 0%)x—0, Ulhy = — (0% 8] 02 %)psp

are used.

Data on ag are given in [6~8] and elgsewhere. Values of o, are given in [6] in implicit form. The
accuracy of ac, and particularly, of ay, is not sufficient for CO, and H,O.

In conclusion we note that the relation for cjk (Tj, Tk), represented in Eq. (7) with xkx = 0, was ob-
tained in complete agreement with [1,2,9]. We note also that the exponent m does not come in, since u +
m = % — 1. Estimates of the effect of the path length according to Eq. (7), and of the dependence of
ajk* (Ti, Tk), represented by Eqgs. (8), have been obtained for the first time.
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